Introduction {#Sec1}
============

We consider a model Darcy creeping flow problem with low permeability in the bulk and with embedded interfaces with high permeability. Our approach is based on the Nitsche extended finite element of Hansbo and Hansbo ([@CR14]), which however did not include transport on the interface. Here, we follow Capatina et al. ([@CR8]) and let a suitable mean of the solution on the interface be affected by a transport equation see also Burman et al. ([@CR4]). We present a complete a priori analysis and consider the important extension to bifurcating fractures.

The flow model we use is essentially the one proposed in Capatina et al. ([@CR8]). More sophisticated models have been proposed, e.g., in Angot et al. ([@CR1]), Formaggia et al. ([@CR11]), Frih et al. ([@CR12]) and Martin et al. ([@CR16]), in particular allowing for jumps in the solution across the interfaces. To allow for such jumps, one can either align the mesh with the interfaces, as in, e.g., Berrone et al. ([@CR2]) and Hægland et al. ([@CR13]), or use extended finite element techniques, cf. Burman et al. ([@CR4]), Capatina et al. ([@CR8]), D'Angelo and Scotti ([@CR9]) and Del Pra et al. ([@CR10]).

In previous work Burman et al. ([@CR6]) we used a continuous approximation with the interface equations simply added to the bulk equation, which does not allow for jumps in the solution. This paper presents a more complex, but more accurate, discrete solution to the problem. To reduce the technical detail of the arguments we consider a semi-discretization of the problem where we assume that the integrals on the interface and the subdomains separated by the interface can be evaluated exactly. The results herein can be extended to the fully discrete setting, with a piecewise affine approximation of the fracture using the analysis detailed in Burman et al. ([@CR5]).

An outline of the paper is as follows: in Sect. [2](#Sec2){ref-type="sec"} we formulate the model problem, its weak form, and investigate the regularity properties of the solution, in Sect. [3](#Sec5){ref-type="sec"} we formulate the finite element method, in Sect. [4](#Sec9){ref-type="sec"} we derive error estimates, in Sect. [5](#Sec13){ref-type="sec"} we extend the approach to the case of bifurcating fractures, and in Sect. [6](#Sec16){ref-type="sec"} we present numerical examples including a study of the convergence and a more applied example with a network of fractures.

The model problem {#Sec2}
=================

In this section we introduce our model problem. First we present the strong form of the equations and then we derive the weak form that is used for the finite element modelling. We discuss the regularity properties of the solution and show that if the fracture is sufficiently smooth the problem solution, restricted to the subdomains partitioning the global domain, has a regularity that allows for optimal approximation estimates for piecewise affine finite element methods (Fig. [1](#Fig1){ref-type="fig"}).

Strong and weak formulations {#Sec3}
----------------------------
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To derive the weak formulation of the system we introduce the $\documentclass[12pt]{minimal}
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Regularity properties {#Sec4}
---------------------

To prove optimality of our finite element method we need that the exact solution is sufficiently regular. However since the normal fluxes jump over the interface the solution can not have square integrable weak second derivatives. If the interface is smooth however we will prove that the solution restricted to the different subdomains $\documentclass[12pt]{minimal}
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### Proof {#FPar1}
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The finite element method {#Sec5}
=========================

The mesh and finite element space {#Sec6}
---------------------------------
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Derivation of the method {#Sec7}
------------------------

To derive the finite element method we follow the same approach as when introducing the weak formulation, but taking care to handle the boundary integrals that appear due to the discontinuities in the approximation space.
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The finite element method {#Sec8}
-------------------------

The finite element method that we propose is based on the formulation ([3.16](#Equ7){ref-type=""}). However, using this formulation as it stands does not lead to a robust approximation method. Indeed we need to ensure stability of the formulation through the addition of consistent penalty terms. First we need to enforce continuity of the discrete solution across $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma $$\end{document}$. To this end we introduce an augmented version of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_\varOmega $$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a_h(v,w)= a_\varOmega (v,w) + \beta h^{-1} ([v],[w])_\varGamma \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ a positive parameter. Since the exact solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \in H^1(\varOmega )$$\end{document}$, there holds $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_\varOmega (u,w) = a_h(u,w)$$\end{document}$. Secondly, to obtain stability independently of how the interface cuts the computational mesh and for strongly varying permeabilities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_\varGamma $$\end{document}$ we also need some penalty terms in a neighbourhood of the interface. We define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} s_h(v,w) = s_{h,1}(v_1,w_1)+s_{h,2}(v_2,w_2) \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} s_{h,i}(v_i,w_i)=\gamma h([n \cdot a \nabla v_i],[n \cdot a \nabla w_i])_{{\mathcal {F}}_{h,i}}\qquad i=1,2 \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ is a positive parameters and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {F}}_{h,i}$$\end{document}$ is the set of interior faces in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}_{h,i}$$\end{document}$ that belongs to an element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\in {\mathcal {T}}_{h,i}$$\end{document}$ which intersects $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma $$\end{document}$, see Fig. [6](#Fig6){ref-type="fig"}. Observe that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \in H^2(\varOmega _1\cup \varOmega _2)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_h(u,v)=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in W_h$$\end{document}$.
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Analysis of the method {#Sec9}
======================

In this section we derive the basic error estimates that the solution of the formulation ([3.21](#Equ8){ref-type=""}) satisfies. The technical detail is kept to a minimum to improve readability. In particular, we assume that the bilinear forms can be computed exactly and that $\documentclass[12pt]{minimal}
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Properties of the bilinear form {#Sec10}
-------------------------------

For the analysis it is convenient to define the following energy norm$$\documentclass[12pt]{minimal}
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### Lemma 4.1 {#FPar2}
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A consequence of the bound (4.3) is the existence of a unique solution to ([3.21](#Equ8){ref-type=""}).

### Lemma 4.2 {#FPar4}

The linear system defined by the formulation ([3.21](#Equ8){ref-type=""}) is invertible.

### Proof {#FPar5}

Follows from Lax--Milgram's lemma. $\documentclass[12pt]{minimal}
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Interpolation {#Sec11}
-------------
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### Proof {#FPar6}
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Comparing ([4.13](#Equ11){ref-type=""}) with ([2.23](#Equ22){ref-type=""}) we see that we have a small mismatch between the regularity that we can prove and that required to achieve optimal convergence. In view of this we need to assume a slightly more regular solution for the $\documentclass[12pt]{minimal}
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Error estimates {#Sec12}
---------------

### Theorem 4.1 {#FPar7}

If *u* is the solution to ([2.1](#Equ1){ref-type=""})--([2.4](#Equ4){ref-type=""}), satisfying $\documentclass[12pt]{minimal}
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### Proof {#FPar8}

(4.26). Splitting the error and using the interpolation error estimate we have$$\documentclass[12pt]{minimal}
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### Remark 4.1 {#FPar9}

As noted before the error estimate in the $\documentclass[12pt]{minimal}
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### Remark 4.2 {#FPar10}

Using the stronger control of the regularity of the harmonic extension provided by ([2.23](#Equ22){ref-type=""}) we may however establish an optimal order $\documentclass[12pt]{minimal}
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Extension to bifurcating fractures {#Sec13}
==================================

In the case most common in applications, fractures bifurcate, leading to networks of interfaces in the bulk. It is straightforward to include this case in the method above and we will discuss the method with bifurcating fractures below. The analysis can also be extended under suitable regularity assumptions, but becomes increasingly technical. We leave the analysis of the methods modelling flow in fractured media with bifurcating interfaces to future work.

The model problem {#Sec14}
-----------------
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The finite element method {#Sec15}
-------------------------
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Symmetrizing and adding a penalty term we obtain the form$$\documentclass[12pt]{minimal}
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To ensure coercivity we add a stabilization term of the form$$\documentclass[12pt]{minimal}
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Numerical examples {#Sec16}
==================

Implementation details {#Sec17}
----------------------

We will employ piecewise linear triangles and extend the implementation approach proposed in Hansbo and Hansbo ([@CR14]) to include also bifurcating fractures. Recall that $\documentclass[12pt]{minimal}
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Example 1: No flow in fracture {#Sec18}
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Example 2: Flow in the fracture {#Sec19}
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We considered a two-dimensional example on the domain $\documentclass[12pt]{minimal}
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Example 3: Flow in bifurcating fractures {#Sec20}
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We consider an example with two bifurcating points. The fractures are modeled using higher order curves. In Fig. [12](#Fig12){ref-type="fig"} we show the fractures and construction of individual elements. On the domain $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec21}
==================

We proposed a discontinuous finite element method using a one--field approach to modelling Darcy flow in a cracked medium. The pressure in the crack was modelled as an average of pressure on either side of the crack which, unlike our previous work (Burman et al. [@CR6]), allows for pressure jumps across the crack. In particular, the case of bifurcating fractures was considered. Optimal order error estimates were proven and backed up by numerical experiments. Extension to other flow models in the crack have been considered in Burman et al. ([@CR7]).
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